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On dually flat general (α, β)-metrics
Changtao Yu
Abstract
Based on the previous researches, in this paper we study the dual flatness of a special class of Finsler
metrics called general (α, β)-metrics, which is defined by a Riemannian metric α and a 1-form β. A character-
ization for such metrics to be locally dually flat under some suitable conditions is provided. Many non-trivial
explicit examples are constructed by a new kind of deformation technique. Moreover, the relationship of
dual flatness and project flatness of such metrics are shown.
1 Introduction
In 2000, S.-I. Amari and H. Nagaoka introduced the notion of dual flatness for Riemannian metrics when they
studied information geometry[1], and this notion have been extended to general Finsler metrics by Z. Shen in
2007[9]. A Finsler metric F on a manifold M is said to be locally dually flat if and only if in an adapted local
coordinate system (xi), the function F = F (x, y) satisfies
[F 2]xkyly
k − 2[F 2]xl = 0. (1.1)
For a Riemannian metric α =
√
aij(x)yiyj , it is known that α is locally dually flat if and only if in an
adapted coordinate system, its fundamental tensor is the Hessian of some local smooth function ψ(x)[1], i.e.,
aij(x) =
∂2ψ
∂xi∂xj
(x).
In fact, the dual flatness of a Riemannian metric can also be described by its spray[16]: α is locally dually flat
if its spray coefficients can be expressed in some coordinate system as
Giα = 2θy
i + α2θi, (1.2)
where θ := θi(x)y
i is a 1-form and θi := aijθj .
The characterization for dually flat Riemannian metrics is clear. Hence, how to describe the dual flatness
for Finsler metrics becomes an interesting problem. However, it is still not easy to be researched for the general
case. So we begin with some special kinds of Finsler metrics.
Randers metrics, introduced by a physicist G. Randers in 1941 when he studied general relativity, is an
important class of Finsler metrics. Generally, a Randers metric is given in the form F = α + β where α is a
Riemannian metric and β is a 1-form. But it can also be expressed in another famous form as follows:
F =
√
(1− b¯2)α¯2 + β¯2
1− b¯2 −
β¯
1− b¯2 , (1.3)
where α¯ is also a Riemannian metric, β¯ is a 1-form and b¯ is the norm of β¯ with respect to α¯. (α¯, β¯) is called
the navigation data of the Randers metric F . Based on the results in [4], the author provided a more clear
description for dually flat Randers metrics: A Randers metric F = α + β is locally dually flat if and only if
α¯ is locally dually flat and β¯ is dually related with respect to α¯[16]. The notion of dually related 1-forms was
proposed by the author in [16]. The definition is given below:
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Definition 1.1. Let α be a locally dually flat Riemannian metric on a manifold M . Suppose that the spray
coefficients Giα of α are given in an adapted coordinate system by (1.2) with some 1-form θ on M . Then a
1-form β on M is said to be dually related with respect to α if
bi|j = 2θibj + c(x)aij ,
where c(x) is a scalar function on M .
As a generalization of Randers metrics from the algebraic point of view, (α, β)-metrics are also defined by
a Riemannian metric and a 1-form and given in the form
F = αφ(
β
α
),
where φ(s) is a smooth function. Because of its computability[2], many encouraging results about (α, β)-metrics
have been achieved[2, 7, 10, 14].
Recently, Q. Xia gave a local characterization of locally dually flat (α, β)-metrics with dimension n ≥ 3[13].
Later on, the author provide a more clear characterization. The result is much similar to that of Randers
metrics: If F = αφ(β
α
) is a non-trivial locally dually flat (α, β)-metric with n ≥ 3, then after some special
deformations, α will turn to be a locally dually flat Riemannian metric α¯ and β will turn to be a 1-form β¯ which
is dually related with respect to α¯. In this case, F can be reexpressed as the form F = φ(b¯2, β¯
α¯
)[15].
One can see that the navigation expression (1.3) of Randers metrics is also given in the form
F = αφ(b2,
β
α
).
Actually, such kind of Finsler metrics are belong to the metrical category called general (α, β)-metric, which is
introduced by the author as a generalization of Randers metrics from the geometric point of view[17]. General
(α, β)-metrics include not only all the (α, β)-metrics and the spherically symmetric Finsler metrics[5] naturally,
but also part of Bryant’s metrics[3, 17] and fourth root metrics[8].
The main purpose of this paper is to describe and construct dually flat general (α, β)-metrics. It must be
declare firstly that we will assume additionally that α is dually flat and β is dually related to α. According to
the discussions for Randers metrics and (α, β)-metrics, one can see that the dual flatness of a Randers metric
or a (α, β)-metric is always arises from that of some Riemannian metric, and it is the dually related 1-forms
preserve the dual flatness. Hence, we believe that the assumption here is reasonable and appropriate.
The main result is given below:
Theorem 1.2. Let F = αφ(b2, β
α
) be a Finsler metric on an open domain U ⊆ Rn. Suppose that α and β
satisfy
Giα = 2θy
i + α2θi, bi|j = c(x)aij + 2θibj, (1.4)
where θ is a 1-form and c(x) is a scalar function such that c(x) 6= −2θkbk. Then F is dually flat on U if and
only if the function φ satisfies the following PDE:
φ22 + φφ22 + 2sφ1φ2 + 2sφφ12 − 4φφ1 = 0. (1.5)
Notice that φ1 means the derivation of φ with respect to the first variable b
2.
It should be pointed out that if the scale function c(x) satisfies c(x) = −2θkbk, then according to the proof
of Theorem 1.2, F = αφ(b2, β
α
) will be always dually flat for any function φ(b2, s). So it will be regarded as a
trivial case. In another word, such a dually related 1-form is trivial.
We have reason to conjecture that all the dually flat general (α, β)-metrics can only be obtained by this
way. More specifically, we guess that if F = αφ(b2, β
α
) is a locally dually flat Finsler metric on a manifold with
dimension n ≥ 3, then after necessary reexpressing in a new form F = α¯φ¯(b¯2, β¯
α¯
), α¯ must be locally dually flat
and β¯ must be dually related with respect to α¯. Moreover, the function φ¯ must satisfy (1.5) if β¯ is non-trivial.
Actually, it is true for all the locally dually flat (α, β)-metrics. One can check it by Maple combining with the
discussions in [15].
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The solutions of (1.5) are completely determined by Proposition 5.1. As a corollary, we obtain the following
result, which reveals the closely relationship between the dual flatness and the projective flatness of a general
(α, β)-metric. It is different from the related result in [6].
Theorem 1.3. If F = αφ(b2, β
α
) is a dually flat general (α, β)-metrics on U ⊆ Rn in which α and β satisfy
(1.4), then Fˇ = αˇ(φ2)2(bˇ
2, βˇ
αˇ
) is projectively flat in which αˇ is projectively flat and βˇ is closed and conformal
with respect to αˇ so long as Fˇ is a Finsler metric.
Conversely, if Fˇ = αˇφˇ(bˇ2, βˇ
αˇ
) id a projectively flat general (α, β)-metrics on U ⊆ Rn in which αˇ is projective
flat and βˇ is closed and conformal with respect to αˇ, then F = αφ(b2, β
α
) is dually flat in which α and β satisfy
(1.4), φ is given (C is a constant)
φ(b2, s) =
√∫ s
0
φˇ(b2, ς) dς +
1
4
∫ b2
0
φˇ2(ι, 0) dι+ C, (1.6)
so long as F is a Finsler metric.
In Section 4, we will construct some dually flat Riemannian metrics and their dually related 1-forms by the
data
α = |y|, β = λ〈x, y〉 + 〈a, y〉, (1.7)
where λ is a constant number and a is a constant vector. The corresponding result is given by Proposition 4.2.
One can get infinity many dually flat general (α, β)-metrics combining with Theorem 1.2, Proposition 4.2 and
Proposition 5.1. Two typical examples are listed below, one can fine more examples in Section 5.
The Finsler metric
F =
4
√
1 + (µ+ σ2)b2
√
(1 + µb2)α2 − µβ2
1 + µb2
+
σβ
(1 + µb2) 4
√
1 + (µ+ σ2)b2
are dually flat Randers metrics, where α and β are given by (1.7), µ and σ are constant numbers. When µ = −1
and σ = 1, the corresponding metrics are the famous generalized Funk metrics, whose dual flatness were first
proved in [4]
The Finsler metric
F =
(√
1 + (µ+ σ2)b2 ·
√
(1 + µb2)α2 − µβ2 + σβ
) 3
2
(1 + µb2)
3
2
4
√
(1 + µb2)α2 − µβ2 (1.8)
are dually flat general (α, β)-metrics, where α and β are given by (1.7), µ and σ are constant numbers. Such kind
of general (α, β)-metrics are actually belong to the category of (α, β)-metrics because they can be reexpressed
as
F =
√
(α˘+ β˘)3
α˘
,
so long as we take
α˘ =
(
1 + (µ+ σ2)b2
) 3
4
√
(1 + µb2)α2 − µβ2
(1 + µb2)
3
2
, β˘ =
σ
(
1 + (µ+ σ2)b2
) 1
4 β
(1 + µb2)
3
2
.
By the way, it should be pointed out that when µ = −1, λ = σ = 1 and a = 0, the above metric is given by
F =
√
(
√
(1− |x|2)|y|2 + 〈x, y〉2 + 〈x, y〉)3
(1− |x|2)3
√
(1− |x|2)|y|2 + 〈x, y〉2 .
It is also obtained by B. Li independently in another different way[6].
Finally, when a = 0, all the dually flat Finsler metrics obtained by this way are just the so-called symmetric
Finsler metrics, which are given in the form F = φ(|x|2, 〈x,y〉|y )[5].
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2 Preliminaries
Let F be a Finsler metric on a n-dimensional manifold M . The geodesic spray coefficients of F are defined by
Gi :=
1
4
gil
{
[F 2]xkyly
k − [F 2]xl
}
,
where gij is the inverse of the fundamental tensor gij := [
1
2F
2]yiyj . For a Riemannian metric, the spray
coefficients are determined by its Christoffel symbols as Gi(x, y) = 12Γ
i
jk(x)y
jyk.
Suppose that φ(b2, s) is a positive smooth function defined on the domain |s| ≤ b < bo for some positive
number (maybe infinity) bo. Then the function F = αφ(b
2, β
α
) determines a Finsler metric for any Riemannian
metric α =
√
aij(x)yiyj and any 1-form β = bi(x)y
i if and only if φ(b2, s) satisfies
φ− sφ2 > 0, φ− sφ2 + (b2 − s2)φ22 > 0
when n ≥ 3 or
φ− sφ2 + (b2 − s2)φ22 > 0
when n = 2[17]. Such kind of Finsler metrics belong to the metrical category called general (α, β) metrics. For
a given metric, b := ‖β‖α is the norm of β.
In Section 4, we need a special kind of metric deformations called β-deformations[14, 16], which are deter-
mined by a Riemannian metric α and a 1-form β and listed below:
α˜ =
√
α2 − κ(b2)β2, β˜ = β;
αˆ = eρ(b
2)α˜, βˆ = β˜;
α¯ = αˆ, β¯ = ν(b2)βˆ.
In order to keep the positive definition of α˜, the deformation factor κ(b2) must satisfies an additional condition:
1− κb2 > 0. (2.1)
Some basic formulas of β-deformations are listed below. It should be attention that the notation ‘b˙i|j ’ always
means the covariant derivative of the 1-form ‘β˙’ with respect to the corresponding Riemannian metric ‘α˙’, where
the symbol ‘ ˙ ’ can be ‘˜’, ‘ˆ’, ‘¯’ or empty in this paper. Moreover, we need the following abbreviations,
r00 := rijy
iyj, ri := rlib
l, ri := aijrj , r0 := riy
i, r := rib
i,
si0 := sijy
j , si0 := a
ijsj0, si := slib
l, si := aijsj , s0 := sib
i,
where rij and sij are given by rij :=
1
2 (bi|j + bj|i) and sij :=
1
2 (bi|j − bj|i).
Lemma 2.1. [14] Let α˜ =
√
α2 − κ(b2)β2, β˜ = β. Then
G˜iα˜ = G
i
α −
κ
2(1− κb2)
{
2(1− κb2)βsi0 + r00bi + 2κs0βbi
}
+
κ′
2(1− κb2)
{
(1 − κb2)β2(ri + si) + κrβ2bi − 2(r0 + s0)βbi
}
,
b˜i|j = bi|j +
κ
1− κb2
{
b2rij + bisj + bjsi
}− κ′
1− κb2
{
rbibj − b2bi(rj + sj)− b2bj(ri + si)
}
.
Lemma 2.2. [14] Let αˆ = eρ(b
2)α˜, βˆ = β˜. Then
Gˆiαˆ = G˜
i
α˜ + ρ
′
{
2(r0 + s0)y
i − (α2 − κβ2)
(
ri + si +
κ
1− κb2 rb
i
)}
,
bˆi|j = b˜i|j − 2ρ′
{
bi(rj + sj) + bj(ri + si)− 1
1− κb2 r(aij − κbibj)
}
.
Lemma 2.3. [14] Let α¯ = αˆ, β¯ = ν(b2)βˆ. Then
G¯iα¯ = Gˆ
i
αˆ, b¯i|j = νbˆi|j + 2ν
′bi(rj + sj).
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3 Proof of Theorem 1.2
Suppose α and β satisfy (1.4). It is easy to verify that
rij = caij + θibj + θjbi,
sij = θibj − θjbi,
(b2)xl = 2(rl + sl) = 2c¯bl,
αxl =
ym
α
∂Gmα
∂yl
= 2α−1(α2θl + 2θyl),
βxl = bm|ly
m + bm
∂Gmα
∂yl
= c¯yl + 2βθl + 4θbl,
syl = α
−2(αbl − syl),
where c¯ = (c+ 2θkb
k) and yi = aijy
j . Combining with the above equalities we obtain
[F 2]xl = 2φ
2ααxl + 2φφ1α
2 · 2(rl + sl) + 2φφ2α2 · αβxl − βαxl
α2
= 2φ
{
2(φ− sφ2)(α2θl + 2θyl) + 2φ1c¯α2bl + φ2α(c¯yl + 2βθl + 4θbl)
}
(3.1)
and
[F 2]xkyl = 2φ2
{
2(φ− sφ2)(α2θk + 2θyk) + 2φ1c¯α2bk + φ2α(c¯yk + 2βθk + 4θbk)
} αbl − syl
α2
+2φ
{−2sφ22(α2θk + 2θyk) + 2φ12c¯α2bk + φ22α(c¯yk + 2βθk + 4θbk)} αbl − syl
α2
+2φ
{
4(φ− sφ2)(θkyl + ykθl + θakl) + 4φ1c¯bkyl + φ2(c¯α−1ykyl + c¯αakl + 2sθkyl
+2αθkbl + 4α
−1θbkyl + 4αbkθl)
}
.
Hence,
[F 2]xkyly
k = 2φ2 {6φθ + 2φ1c¯β + φ2c¯α} (αbl − syl) + 2φ {2φ12c¯β + φ22c¯α} (αbl − syl)
+4φ
{
2(φ− sφ2)(α2θl + 2θyl) + 2φ1c¯βyl + φ2(c¯αyl + 3sθyl + αθbl + 2αβθl
}
. (3.2)
By (3.1) and (3.2), one can see that (1.1) is equivalent to
c¯(φ22 + φφ22 + 2sφ1φ2 + 2sφφ12 − 4φφ1)(αbl − syl) = 0,
hence (1.5) holds if c¯ 6= 0.
4 Dually flat Riemannian metrics and dually related 1-forms
Let α be a Riemannian metric with constant sectional curvature µ, and β be a closed 1-form which is also
conformal with respect to α, then there is a local coordinate system in which α and β can be expressed as[14]
α =
√
(1 + µ|x|2)|y|2 − µ〈x, y〉2
1 + µ|x|2 , (4.1)
β =
λ〈x, y〉+ (1 + µ|x|2)〈a, y〉 − µ〈a, x〉〈x, y〉
(1 + µ|x|2) 32 , (4.2)
where λ is a constant number and a is a constant vector. Moreover,
bi|j =
λ− µ〈a, x〉√
1 + µ|x|2 aij .
These special Riemannian metrics and 1-forms play an important role in projective Finsler geometry[14, 17].
In the rest of this section, we will use the above data to construct some dually flat Riemannian metrics and
their dually related 1-forms by β-deformations. Firstly, it seems impossible to obtain dually flat Riemannian
metrics by data (4.1) and (4.2) without any additional condition. The reason is given below.
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Lemma 4.1. Given α and β as (4.1) and (4.2). Then α cann’t turn to be a dually flat Riemannian metric
satisfying (1.2) by β-deformations unless µ = 0 or a = 0.
Proof. It is known that Giα = Py
i, where
P = − µ〈x, y〉
1 + µ|x|2 . (4.3)
Set τ(x) = λ−µ〈a,x〉√
1+µ|x|2 , then bi|j = τ(x)aij .
Carry out the first step of β-deformations. By Lemma 2.1 we have
G˜iα˜ = Py
i − τ
2(1− κb2) (κα
2 + κ′β2)bi.
Combining with Lemma 2.2 one can see that α˜ cann’t turn to be a dually flat metric αˆ satisfying (1.2) by the
second step of β-deformations unless G˜iα˜ is in the form G˜
i
α˜ = Py
i + Qα˜2bi, which means that κ must satisfy
the following equation
κ′ = −κ2. (4.4)
So we assume the deformation factor κ satisfies (4.4) from now on.
Carry out the second step of β-deformations. By Lemma 2.2 we have
Gˆiαˆ = (P + 2τρ
′β)yi − τ
2(1− κb2) (κ+ 2ρ
′)e−2ραˆ2bi.
Hence, αˆ is dually flat and satisfies (1.2) if and only if
P + 2τρ′β = − τ
1− κb2 (κ+ 2ρ
′)e−2ρbiyˆi,
where yˆi := aˆijy
j. The above equality is equivalent to
P = −τ(κ+ 4ρ′)β. (4.5)
Combining with (4.2) and (4.3), it is not hard to find that the equality (4.5) will not hold unless µ = 0 (in this
case P = 0) or a = 0 (in this case β = λ〈x,y〉
(1+µ|x|2) 32
is parallel to P ).
When a = 0, it have been proven by β-deformations in [16] that the Riemannian metrics
α¯ =
√
(1 + µ|x|2)|y|2 − µ〈x, y〉2
(1 + µ|x|2) 34 (4.6)
are dually flat on the ball Bn(rµ) and the 1-forms
β¯ =
λ〈x, y〉
(1 + µ|x|2) 54 (4.7)
are dually related to α¯ for any constant numbers µ and λ, where the the radius rµ is given by rµ =
1√−µ if
µ < 0 and rµ = +∞ if µ ≥ 0. The above result was obtain by taking the deformation factor κ = 0.
Next, let’s discuss another case. Taking µ = 0 in (4.1) and (4.2), we get the standard Euclidean metric and
its closed conformal 1-form,
α = |y|, β = λ〈x, y〉+ 〈a, y〉. (4.8)
In this case, Giα = 0 and bi|j = λaij . It is obviously that α is dually flat and β is dually related to α.
Assume the deformation factor κ satisfies (4.4), by Lemma 2.1 again we get
G˜iα˜ = −
λκ
2(1− κb2) α˜
2bi, b˜i|j =
λ
1− κb2 a˜ij + λκbibj .
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By (4.5), α˜ can turn to be a dually flat metric αˆ satisfying (1.2) by the second kind of β-deformations if and
only if
κ+ 4ρ′ = 0.
So we assume the deformation factor ρ satisfies the above equation. In this case, by Lemma 2.2 again we get
Gˆiαˆ = 2θˆy
i + αˆ2θˆi, bˆi|j =
λ
1− κb2 (1 −
1
2
κb2)e−2ρaˆij + 2λκbibj ,
where θˆ = − 14λκβ and θˆi := aˆij θˆj .
Carry out the third step of β-deformations, then
G¯iα¯ = 2θ¯y
i + α¯2θ¯i, b¯i|j =
λ
1− κb2 ν(1 −
1
2
κb2)e−2ρa¯ij + 2λ(κ+
ν′
ν
)bib¯j ,
where θ¯ := θˆ and θ¯i := a¯ij θ¯j. Hence, β¯ is dually related to α¯ if and only if
λ(κ+
ν′
ν
)bi = θ¯i,
which means that the deformation factor ν must satisfy
ν′
ν
= −5
4
κ.
Obviously, κ = 0 is a solution of (4.4). As a result, ρ and ν are both constants. In this case, the corresponding
β-deformations are just a scaling for α and β. It is trivial and should not be discussed.
When κ 6= 0, the solutions of (4.4) are given by
κ =
1
b2 + constant
.
In consideration of the additional condition of κ (2.1), κ can only be chosen as κ = 1
c+b2 or κ = − 1c−b2 where c
is a positive number. Hence, the Riemannian metric (c±b2)− 14
√
α2 ∓ (c± b2)−1β2 is dually flat and the 1-form
(c± b2)− 54 β is dually related. It can be verified easily that such a 1-form is a trivial dually related 1-form if and
only if λ = 0.
After a scaling, we have proven the following result.
Proposition 4.2. Let α and β are given by (4.8). Then the Riemannian metric
α¯ =
√
(1 + µb2)α2 − µβ2
(1 + µb2)
3
4
is dually flat and the 1-form
β¯ =
σβ
(1 + µb2)
5
4
is dually related to α¯, where µ and σ are constant numbers.
It is obvious that the above result cover (4.6) and (4.7).
5 Solutions of Equation (1.5) and Examples
Proposition 5.1. The non-zero solutions of the basic equation (1.5) are given by
φ(b2, s) =
√
g(b2) + 2g′(b2)s2 + sf(b2 − s2) +
∫ s
0
(s2 + σ2)f ′(b2 − σ2) dσ,
where f(t) and g(t) > 0 are two arbitrary smooth functions.
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Proof. Let ψ := φ2, then ψ satisfies
ψ22 + 2sψ12 − 4ψ1 = 0. (5.1)
Differentiating the above equation with respect to s, one obtain
ψ222 + 2sψ122 − 2ψ12 = 0.
Let ϕ := ψ2, then ϕ satisfies
ϕ22 + 2sϕ12 − 2ϕ1 = 0. (5.2)
Considering the variable substitution
u = b2 − s2, v = s,
then b2 = u+ v2, s = v. So by (5.2) we have
∂
∂v
(ϕ− sϕ2) = 0,
which means ϕ− sϕ2 = f(b2 − s2) is just a function of b2 − s2. Hence, ψ2 is given by
ψ2 = h(b
2)s+ f(b2 − s2) + 2s
∫ s
0
f ′(b2 − σ2) dσ
for some function h(b2). As a result, ψ is given by
ψ = g(b2) +
1
2
h(b2)s2 + sf(b2 − s2) +
∫ s
0
(s2 + σ2)f ′(b2 − σ2) dσ (5.3)
for some function g(b2). Putting (5.3) into (5.1) yields h = 4g′.
Finally, by taking s = 0 we know that the function g must be positive.
Some typical examples are listed below.
Example 5.2. Take f(t) = 0, then
φ(b2, s) =
√
g(b2) + 2g′(b2)s2.
In this case, we obtain a class of dually flat Riemannian metrics
F =
√
g(b2)α2 + 2g′(b2)β2,
where α and β satisfy (1.4).
Example 5.3. Take f(t) = 2ε
(1−κt) 32
and g(t) = 11−κt , then
φ(b2, s) =
√
1− κb2 + 2κs2 + 2εs√1− κb2 + κs2
1− κb2 .
In particular, φ(b2, s) =
√
1−b2+s2+s
1−b2 when κ = 1 and ε = 1, in this case, the corresponding general (α, β)-
metrics are Randers metrics. φ(b2, s) =
√
1 + s when κ = 0 and ε = 12 , in this case, the corresponding general
(α, β)-metrics are those (α, β)-metrics given in the form F =
√
α(α + β).
Example 5.4. Take f(t) = 3(1 + t) and g(t) = (1 + t)
3
2 , then
φ(b2, s) = (
√
1 + b2 + s)
3
2 .
In this case, the corresponding dually flat Finsler metrics determined by Theorem 1.2 and Proposition 4.2 are
given by (1.8).
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Example 5.5. Take f(t) = 2√
1+t
and g(t) = ln
√
1 + t, then
φ(b2, s) =
√
ln
√
1 + b2 + arcsin
s√
1 + b2
+
s(
√
1 + b2 − s2 + s)
1 + b2
.
Example 5.6. Take f(t) = 2√
1−t and g(t) = ln
√
1− t, then
φ(b2, s) =
√
arcsinh
s√
1− b2 +
s√
1− b2 + s2 + s .
Example 5.7. Take f(t) = 4
√
1 + t and g(t) = 1, then
φ(b2, s) =
√
1 + 3s
√
1 + b2 − s2 + (1 + b2 + 2s2) arcsin s√
1 + b2
.
Example 5.8. Take f(t) = 4
√
1− t and g(t) = 1 + 12 (1− t) ln(1− t), then
φ(b2, s) =
√
1 + s2 + 3s
√
1− b2 + s2 + (1 − b2 − 2s2)arcsinh s√
1− b2 .
Example 5.9. Take f(t) = ℜ 2i√
eip+t
and g(t) = ℜ ln√eip + t, then
φ(b2, s) =
√
ℜ
{
ln
√
eip + b2 + i arctan
s√
eip + b2 − s2 +
is√
eip + b2 − s2 + is
}
.
6 Proof of Theorem 1.3
Proof of Theorem 1.3. By Theorem 1.2 we know that φ satisfies the basic equation (1.5) and hence (φ)22 satisfies
(5.2). In other hand, we have proved in [12] that if αˇ is projectively flat and βˇ is closed and conformal with
respect to αˇ, then the general (α, β)-metric Fˇ = αˇφˇ(bˇ2, βˇ
αˇ
) is projectively flat if and only if the function φˇ
satisfies
φˇ22 = 2(φˇ1 − sφˇ12), (6.1)
i.e. the equation (5.2). So the first part of Theorem 1.3 holds immediately.
Conversely, by assumption and the fact mentioned above, we know that the function φˇ satisfies (6.1).
According to the argument in the proof of Proposition 5.1, the solutions of (6.1) are given by
φˇ(b2, s) = h(b2)s+ f(b2 − s2) + 2s
∫ s
0
f ′(b2 − σ2) dσ.
It is obvious that φˇ2(b
2, 0) = h(b2), hence
φ(b2, s) =
√∫ s
0
φˇ(b2, ς) dς +
1
4
∫ b2
0
φˇ2(ι, 0) dι+ C
=
√
1
4
∫ b2
0
h(ι) dι+ C +
1
2
h(b2)s2 + sf(b2 − s2) +
∫ s
0
(s2 + σ2)f ′(b2 − σ2) dσ
are just the solutions of (1.5) by Proposition 5.1. So the second part of Theorem 1.3 holds.
Finally, we provide an example of Theorem 1.3. Taking φ(b2, s) = (
√
1 + b2 + s)
3
2 , then
φˇ := (φ2)2 = 3(
√
1 + b2 + s)2,
In this case, the corresponding general (α, β)-metric F = αˇφˇ(bˇ2, βˇ
αˇ
) constructed by Theorem 1.3 is just a Berwald
type of metric after a scaling[11].
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